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The plane problem of elasticity theory for a body weakened by a system of
arbitrarily oriented rectilinear cracks has been reduced to a system of singular
integral equations, The following cases have been considered: a system of
cracks in infinite and semi-infinite plates, a system of cracks in an infinite
plane with a circular hole, a periodic and doubly-periodic system of cracks of
arbitrary orientation in an unbounded plate, and a periodic system of cracksin
a semi-infinite plane, The analytical solution of the equations obtained can
be found by the perturbation method when the cracks are far from each other
and from the domain boundaries; in other cases their solution can be found
numerically,

1, 1In an elastic isotropic plane connected to the Cartesian zQOy -coordinate system,
let there be JV slits (cracks) of length 2q,(k = 1,2, ..., N). The centers O, of
the cracks are determined by the coordinates z,° = x,° -+ iy,°. The origins of local
2,0 Y, -coordinate systems are placed at the points () ,+ The O .z, -axes coincide
with the slit lines and make the angles o, with the Oz -axis, The edges of the cracks
are loaded by the self-equilibrating forces

prlzy) = Ny — il = Ny —iTy~, |xpl<<ap k=1,2,...,N (L1)

Let us first consider the problem of determining the stresses in an unbounded elastic
plane with one crack |z, | <C ay, yp = O and the displacement discontinuity g,{(x)
given thereon, The Muskhelishvili [1] stress functions @ (z,) and ¥ (z,) for the prob-
lem mentioned are in the 0y -coordinate system [2, 4]

a, ,
1 g, (tde iz 0 (1,2)
(D V4 = - [} Zp =€ k (Z — Z ) ¢
( K) on —Sak T — z, k K
* ® tg, (1)
1t ¢ [ & ¢ 8k
lF(Zk):‘ I S [t_zk _'(l—-zk)‘l]dt
“ay
By virtue of the linearity of the problem, the functions
N %
1 g,/ (hdt i o
D, (z) = TZ S —tL_z_ ) Ty ==tk -- z, (1.3)
k=1 —ay
N L J— ix
1 i g rekt
l},.l(z)=-'2}—t—_2 emak S [ t'f--l - (ti—z 2gk (t)]dt
k=1 -y k K) -

obtained by superposition of the stress functions (1, 2) for the isolated cracks, describe
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678 A.P.Datsyshin and M.P.Savruk

the state of stress of an elastic plane caused by the displacement discontinuities gx{zy)
at the N segments | zp | << @k, yp =0(k=1,2,..., N). Let us determine
the stresses on the line 0, z, due to the displacement discontinuities gxlzr) (£ = 1,

2,..., N)
Nn - iTn = (Dl (zn) + ZnCDII (zn) + ‘Fl (Zn) + (Dl (Zn) == (1'4)
N %
1 : ’ f 7 /4
—n"z S [Knk (ts xn) gk (t) ne L’nk (t, xn) gk (t)} at
k=1 —ay
Here

Koo = 57" | p | XemetSn

g -
Loy (, 7) = = i) D _ue~2ian
nk s & 3 Tk — Xn (T}{ _ Xn.)z

Equating the stresses (1, 4) to the stresses (1,1) given on the edges of the cracks, we ob-
tain a system of NV singular integral equations in the unknown functions g,'(z) [5, 6]
N 9%
2 S lgw' (O) Kpi(t,7) + g (8) Ly (¢, ©)] dt = 7up,, (z) (1.6)
k=1 —ay
fzi<<a,, n=142...,N

(Here and henceforth, for convenience, the subscript in the z, is omitted), The kernels
(1, 5) of this system of equations are regular, with the exception of the case n = k when
K,.(t, x) goes over into the Cauchy singular kernel,

2, Let us consider the centers of the cracks to be on the U -axis, the spacings bet-
ween the centers of adjacent cracks to be constant and equal to d(z,°=kd, %k = 0,
+1, 42, ...), and the lengths and slopes of the cracks to be identical (ar = a,
@, = a). Under the assumption that the same load (pj (z3) = p (xx)) is applied to
all the cracks and the number of cracks tends to infinity, we obtain a periodic system of
cracks of arbitrary orientation in an infinite plane, Hence g,/(zx) = g'(#x). After sum-
mation we find from (1, 3)

D, (2) = %1—;(« S clg %(tei“ —z) g (t)dt (2.1)

Yy (2)= %El'" S {g’ (t) etia ctg—Z’— (te* — z) —

~—0
[ctyg %— (te'* — 2) -+ % (t — te2™ -} zel?) cosec? %—- (tels — z)] g (t)} dt
Having determined the stresses on the line of any of the cracks, with center at the point

O, say, by means of these functions and having equated them to the given load (1,1),
we obtain a singular integral equation in the unknown function g'(x)

(g K (¢ — 0+ TOLi—)dt=ap(@), |z]<a  (22)
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Integral equation of the plane problem of crack theory 679

Here : .
K (z)= (e‘“ ctg - -+ e~ie oty me - ) (2.3)
Ly(x) = T (€71 — g3ix) Kctg xjm — mfi% cosec? —’-‘-xzi)
In the case of an infinite series of colinear cracks (o = (), we arrive at the equation
43
%5 "(t) ctg ——“‘"’dt p), jzl<a (2.4)

—a
considered in [7] for a normal load on the edges of the crack (Im p(z) = 0). The ex-
act solution of (2,4) is

-1
g (z) = (clcos%“T”‘l/tg2 i tg?id’f- ) % (2. 5)

Sl/tg2 Mg Il (tg———tg——>_lp(f)dt

For o == 7t / 2 we arrive, from (2, 2), at an integral equation for an infinite series of
parallel cracks, obtained for a symmetric (Im p(z) = 0) [8, 9] and antisymmetric
(Rep (z) = 0) [10] load,

8, Let us consider an unbounded elastic plane weakened by a doubly-periodic sys-
tem of cracks of arbitrary orientation, Let the centers of the cracks be at the vertices
of the period parallelograms, i, e, at the points P = mw; + nwy{(m, n = 0, +1,
=42, . . .), where 0, and ©, are the fundamental periods (Im ®; = 0, Im (@, /
o) > 0).

The complex potentials of the elasticity theory problem for the domain mentioned
can be obtained analogously to the case of the periodic problem by setting a = a,
ap = a, z;° = P, py(xy) = p(x).in (1, 3), Then g’ (z;) = &'(z;)and we obtain
from (1,3) . s

em

Dy(z) = — S L(te — 2) g’ (tydt + A G.1

—a

Ys(z) = —2%- S {e=8g (te'r — 2) g' (t) +-

-~

[e¥%py (te™ — z) — tp (te? — 2)] g’ (1)} dt + Be™%i=

Here { is the Weierstrass zeta function, p (z) is the Weierstrass elliptic function, and
£1(z) is a special meromorphic function [11], At congruent points these functions sa-
tisfy the relationships [12]

p(z";‘mv)—’p(z):?‘o’ {{z 4 w0,) — L(z) =0, (3.2)
P1{z 4 @) — 01 (2) = B0 (2) + 7

(DV - m\)
s=2 () e () —me(gr) vone

610)2 - 620)1 == 2ﬂi, Vo®Wy — Y10 = 61(—0-2 —_ 6251
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In order to avoid divergent sums, the unknown constants 4 and B, which can be de-
termined from the static conditions [117], were introduced to obtain the complex poten-
tials (3,1), To this end, let us consider the principal vector of all the forces acting along
the arbitrary path CD connecting two congruent points of the plane, The expression
for the principal vector is [1]

X +iY = — ig(2) [P = — ilos(z) + 2@4(2) + Ps(2)Ic? (3.3)
(95" (2) = D3(2), s’ (2) = ¥a(2)

A self-equilibrated load acts on each crack, hence, the principal vector of all the for-
ces along the arc CD is zero, i, e,

g(z+ @) —~aq(2) =0, v=12 (3.4)
Using the equality o
{gwa=0, t@=—0r0 (3.5)

-l
we find from (2,1) (Cl, C, are integration constants)

P

9(2) = 5o\ BOL (e — 2)dt + A 4 €, (3.6)

%@ =5 | (EO+ 01T —2) +

eicg (t) [elrpy (tei* — z) — tp (tel* — z)]} dt - Bze iz 4 C,

Substituting the functions (3,6) into (3, 3) and taking account of (3, 2), we obtain a sys-
tem of equations from (3, 4)

(A4 + D)o, +Bolte=8b + T.b + 8,(e%b + be*), v=1,2 (3.7)

. [
T

b= & S gt dt

2

—a
from which the constants Re A and B are determined, The quantity Im A naturally
remains arbitrary,

The stress functions (3, 1) correspond to the double-periodicity of the problem and
satisfy all the requirements, with the exception of the boundary conditions on the edges
of the cracks, Having satisfied the boundary condition on any crack, for example, one
with center at the point O

D (z,) + D (z) + 2D (xp) + ¥ (20) = p (x0) (3.8)

we arrive at a singular integral equation relative to the function g'{z)

3.9
(g Wkt =0+ O Lot —)dt =n[p@)—A—4—B] [r]<e

Ky(z) = Yylet(ze®®) + e-eT (zeiv)]
Ly(z) = Yyle-iag (ze=ia) — ze=2i= § (ze~1) + e~?@ Py(ze~ie)]
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The constant A + A -+ B in(3,9) is found easily from the system (3, 7)

A+ A+ B= wi} [81h - 1B+ By (e-%i%b - e2iaf)]
Here all the quantities are known, with the exception of the constant b which must be
determined while solving the integral equation (3, 9).

Let us note that the doubly-periodic problem of crack theory in [13] for the case when
the fundamental period parallelogram isarhombus,andthe cracks are arranged along dia-
gonals of the thombus and tensile, constant intensity forces were applied to their edges,
was reduced to a Fredholm integral equation of the second kind whose kernel is suffici-
ently complex,

4, Lettherebe N -+ 1 cracks of length 2a,(k= 0, 1,. .., N) in an elastic
plane, Let us assume the crack with subscript 0 to be on the Oz -axis (@, = 0) with
center at the origin of the 20y -coordinate system {z,% = 0), while the remaining cracks
are in the lower half-plane y <~ 0. Let usset p,y(x) = 0. Letting a, tend to infinity,
we obtain a system of /N cracks in an elastic half-plane with free edges, Equations
(1.8) become N %
V&0 3§ e O Kot ) + (4.1)

—oc k=1 —a

W)L(m(t’x)}dt"*“ 0, [zl

N %
3§ e ) Kot 2) + 87 () Lok (8, 2)] dt + (4.2)
=1—a,
S [go’ (t) KnO (ts .‘27) + go’ (t) Lng (t, Z)} dt = ﬂpn (x)
|r|<e,, n=1,2,...,N

Having determined the function g¢°(z) from (4,1) and having substituted it into (4, 2),
we arrive aftersome manipulation at a system of /V singular integral equations

N %
3§ e O Mk (t,2) + 87O Ny (6, 91 dt = p, (2) (4.3)
k=1-ak

|z|<e, n=12...,N

dee ~2ia

e & 2 e n
Mnk(tsx) = Kﬁk(t?x)+ 5 {-‘Xn—'T}c + Xﬂ,_’T}; +

g e 20T )

(X'n - Tk)2 Xn - Tk

e Ty — Ty 1 Xp— Ty o
N (8, 2) = Loy (8, 2) + —5 [m’*——fuui’k“ e S

For N =1 and @; = n /2 Im p,(z) = 0, we arrive from (4, 3) at an integral equa-
tion [14], Let us note that integral equations of the elasticity theory problem for a strip
weakened by a system of arbitrarily arranged cracks, can be obtained in a similar manner,

6, Let us assume the centers of all the cracks to be on a line parallel to the boundary
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of the half-plane, and the spacing between the centers of adjacent cracks to be identi-
callyequaltod,i.e, 2;° = x,° 4- iy° = kd —ih (E =0, 1, + 2,...), the
lengths and slopes of the cracks to be equal (ap = a, ap = a), and an identical load
prlzr) = p (22)) to be applied to all the cracks, Letting the number of cracks tend
to infinity, we obtain a periodic system of cracks of arbitrary orientation (gk(:ch) =

g (z3)) in the half-plane, We find the integral equation of such a problem analogously
to the case of an infinite plate with a periodic system of cracks

a

(1 M@, 0+ TON ¢ dt —ap@), 121< e (5.1)
Here ¢ ia
M2 = Ky (t— o) + 2o e X (1,0 +ermog X () — (5.2
-%;—ti— (t sin 0. — h) cosec?® X (¢, x) [1 — etia __ 4ni§_m
(zsina — k) ctg X (¢, x)]}
N(t,2) = Ly (t — ) + [zgi (tsina — k) cosec? X (f, 2)
Iprie 2%

(1 —eiv)ctg X (£, x) — (z sina — k) cosec? X (Z, x)],

d
Xt x)= % (ze’® — 2ih — teix)

Asisseen from (4.4) and (5,2),the kernels of the integral equations (4, 3) and (5,1) con-
sist of two members: the first agrees with the kernels of (1, 5) and (2, 3), and the second
takes account of the influence of the edge of the half-plane,

8, Let us consider an elastic plane with circular holes of unit radius referred to the
20y -coordinate system with origin at the center of the hole, In this plane, let there be
N arbitrarily oriented cracks whose edges are subjected to the forces (1,1). The contour
of the hole v is unloaded, Let us reduce the problem of determining the stress-strain
state of such a domain to the solution of a system of integral equations,

Let us assume that all the cracks in an infinite plate without holes are outside the unit
circle y. Using the complex potentials (1, 3) and the formula from [1], we find the com-
bination of stresses O, -+ iTy¢ caused in the circle y(z = ¢i® = g) by displacement

discontinuities g,(z,) (A =1, 2, ..., N)
o, -+ 1T = Oy (2) + Dy (2) — 2 [ 20, (2) + ¥, (2)] = (6.1)
1 % %' ! e ’ 1 5_‘Tk‘/’iak T
Wk:l_ékl[“% ~ w0t [wa Ty ]g’“ @ i

We solve the auxiliary problem for an elastic plane with a circular hole of unit radius
on whose contour normal and shear stresses are given which are equal in magnitude but
opposite in sign to the stresses (6, 1), The stress-strain state in this case is characterized
by the functions [1]

1 S 5 (5, -+ iT,q)

a
(D"'(z)=2niz g o—z d6+—z—
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1 S, — ity Dy(z)  ©(3)
2niz gc(c——z) ds + 22 z z

Wy (z) =—

We should here set a; == q,;" = 0, since the principal vector of the forces applied to
the contour Y is zero, Substituting the stresses (6,1) here and reversing the order of in-
tegration, we find after evaluating integrals

i

o, <z)——§1_3 {- —-—-;%—gk o +
s

{— e %k 1 ze F—T, in __,__}
[ ZTk‘z -F T}c (1 . T}gz) + (.1 — —'_-""""Tkz)z ] e 4 kgk (t) d‘t
- 1 § GS r, e
1(2) = 5— i) ”m+m X
e
iy 2 (1 — e %) T,
ek gy (t) + [ ‘ziak_ + 22T 2 -7 (T—2T )" -

2T, (ze_iaka- ) PPp—
its(‘i—T,‘z)a . ]3 Ly (t)}

The elastic equilibrium of an infinite plate with a free circular boundary and displa-
cement jumps gu(zy) (k=1,2,...N) given onV segments y, = 0, |2, | <
ap are determined by the complex potentials

(DB(Z> = (Dl(z) + @y(z), 5(Z) z) -+ \YA(Z)

By requiring that the functions @4(z) and ¥ (z) satisfy the boundary conditions (1,1)
on the edges of the cracks, we arrive at a system of /N singular integral equations rela-
tive to the functions g,'(x)

N k
3§ Bt o) g O+ S, 0 8 ldt = po(z)  (6-2)

k=1—ak
jz|<<e n=1,2,...,N

ns

Here
i i« (6.3)
e B |41 —¢ Kk 1 4
Bl 9) = Hoe 4 2) + = { X732 K 0—ThXy T T a-Txy
X__“eiak - T.k —2io ZTk (-X?neiaﬁv— ’?}c) 5 TP .
1 —TX,)? “[ X, A—TX)" (XX —1) + <555 YT (2 XX, +
1 X, (14 X,+7, }
X T, a=7TXx)x XIA—T,X )¢
—i% —~ig
e t—e K 1 1
Sl = Loty )+ { S NCES e SR NS Sl

g
Xne f — Ty + ¢ [ T3 —X X)) t T ]}
TA=T X X, A=TXy T TX;  XI0-TX)
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The second terms in (6, 3) determine the perturbing influence of the circular hole, For
N =1, a; = 0,we obtain an equation [3, 7, 15, 16] from (6, 2) for the case of a ra-
dial crack in a plane with a circular hole, Let us also note that integral equations of the
elasticity theory problem for a circular disc weakened by a system of arbitrarily arran-
ged cracks can be obtained completely analogously,

7. By knowing the functions g,'(z) (or g'(x)), the stress-strain state of a plane
with arbitranly oriented crackssubjected tothe forces (1,1) can be determined, In par-
ticular, we have the following formula for the stress intensity factor [17, 18] at the tips
of any of the cracks

ki — ik =7 lim [Mgk'(@] E=1,2,....N (7.1)
SN AT ’
The quantities with the upper sign here refer to the right tips of the cracks and the lower
to the left tips, Using the coefficients (7, 1), the ultimate equilibrium state [18] of bo-
dies with cracks can be investigated,

- NV X Ny
Ma /6 /5 «

Fig. 1

As an illustration, let us examine the problem of the ultimate equilibrium of a plate
with a periodic system of cracks which is subjected to biaxial tension at infinity by for-
ces p and g in mutually perpendicular directions, where the forces p are directed at
an angle ¢ to the Oz -axis, We will then have

P(@)=—=s=—[(p+q — (p— g &
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in the integral equation (2, 2),

The analytic solution of this equation is easily obtained [6] for small values of the
dimensionless parameter b = 2a / d. The stress intensity factors are determined by
means of the formula

A2
kit * =Va {s “+ =5 24 [scos 200 + § (e 22 e“‘m)] +

TTiAs 2
o8 {s [ g~ cos? 2a + cos 4o 4~ 9 {1 —cos 2a)} 425 (et __ ‘““) e
1 2 . fBAE 5
(? + 5 €% cos 2a)} + {s [W cos 6a + =~ ¢0s? 2a -
g 008 20 c0s 40t - em“ (1 — cos 2a) +- cos 2 (4 — cos 2a) -
3

e (4 _ cos ZQ)} +F (3‘2“" &% [i et +3 ——1— % cos 2 -

N mg

1
cos 4a + =5~ cos? 2a + (1 — cos 2@]}} + 0 (A8

By using the Griffith-Irwin brittle fracture criterion and the hypothesis about the ini-
tial direction of crack propagation over areas with maximal normal stresses, we deter-
mine the magnitude of the crack extension forces, The dependence of the critical va-
lues p* of the force p (g = 0,9 = /2 + ) on the angle of crack orientation « is
represented in Fig, 1 for diverse values of A (p, is the same value of the force p for
the case of an isolated crack (A = 0)).

In conclusion, let us note that the method proposed here to obtain the integral equa-
tions of the plane elasticity theory problem for a body with cracks, can be applied in
other problems also, in particular, in bending problems of a plate with cracks, as well as
in corresponding thermoelasticity problems,
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ON A LINEAR DIFFERENTIAL GAME OF EVASION

PMM Vol, 38, Ne4, 1974, pp, 738-742
V.M, RESHETOV
(Sverdlovsk)
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For a linear controlled system we examine the evasion problem on an infinite
semi-interval of time, The paper abuts the investigations in [1 — 5], The solu-
tion is effected by the scheme of control with a leader [3, 4].

1, We examine a controlled system described by the vector differential equation

dr/dt = Ax + Bu+ Cv, ue& P, ve Q* (1. 1)

Here 2 is the %-dimensional phase coordinate vector, u and v are ,'U- and #)-dimen-
sional vectors, respectively; 4, B, C are matrices with constant coefficients of dimen-
sion k X k,k X "V, k x r® respectively; the first and second player’s controls are
constrained by the conditions indicated above, where P and (@ are convex compacta

in the corresponding vector spaces, The symbol ¢* denotes the closed Euclidean o-



